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Abstract. In this very short note we will derive an inequality for a class of 
entire functions including all the confluent basic hypergeometric series and an 
inequality for a class of meromorphic functions including theta functions. 



1. Introduction 

In the studies of Plancherel-Rotach type asymptotics of g-orthogonal polynomials 
such as Ismail-Masson {ft-n(a;|q)}^g, Stieltjes-Wigert {Sn{x; q)}^o ^^'^ (?-Laguerre 

jin^^a;; q)\ [HElIlO], the Ramanujan function Aq{z), which is also called g-Airy 

I J n— 

function in the literature, plays a very important role. It is called g-Airy func- 
tion because it appears repeatedly in the Plancherel-Rotach type asymptotics of q- 
orthogonal polynomials, just like classical Airy function in the classical Plancherel- 
Rotach asymptotics of classical orthogonal polynomials^ [12]. In [14], we have 
investigated certain properties of the Ramanujan function Aq{z). It turns out that, 
the polynomials like Ismail-Masson {hnix\q)}'^^Q, Stieltjes-Wigert {Snix;q)}'^^Q, 

g-Laguerre | Ll"''(a;; q) }• and the Ramanujan function Aq{z), they are all in a 

particular class of entire functions including all the confluent basic hypergeometric 
series. In this short note will show that this class of entire functions satisfy an in- 
equality similar to the inequality for the Ramanujan function Aq{z) in [14|. Finally, 
we will state an inequality for a class of meromorphic functions including Q{z\q) 
defined as in [9l[T0]. Q{z\q) also appears in the main terms of the Plancherel-Rotach 
type asymptotics when a scaling parameter is irrational. 

As in papersfSl [ini we will follow the usual notations from g-series [HEJIH] 



(1) (a;q)o:=l {a; q)„ :^ Y[{1 ~ aq'') 



k=0 



n 
k 



_ {q\q)n 
q' {q;q)k{q;q)n-k' 



Moreover, we shall use the multishifted factorials [D El H] 

k 

(2) (ai,a2, . . .,ak;q)n ■= J|(aj;g)n- 

Thoughout this paper, we shall always assume that < q < 1, hence n = cxo is 
allowed in the above definitions. 
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A confluent basic hypergeometric series is formally defined as [H El H] 



(3) 



Oi, . . . , Or 
61, ... ,5s 



q,z 



^0 V 



with s + 1 - r > . 

We will use a simple summation formula 



1 sr^ z" 



which is a special case of the g-binomial theorem [UEIIS], 

{z\q)oo ^ {q\q)k 
The Ramanujan function Aq{z) is defined as[5] 

In [O] we proved that 

(7) < ^^'^ ; 7 ""'J 

for any nonzero complex number z and 

(8) |^,(z)| < e«l"l/(i~'?) 

for any complex number z. 

The theta function Q{z\q) is defined as 

00 

(9) e(z|g)= ^ q^%.\ 

k—~oo 

for < g < 1 and all nonzero complex number z. 

2. The Inequality 

Let 

(10) /(^) = Z^~7I ^ ' 

^ [bi,---,bs,q;q)k 

with the parameters satisfying 

(11) < 6i,...,6s < 1 «>0. 
It is clear that the function 



(12) rCb 

is of the form ifTOl) with 



ai, . . . , 
61, ... ,6s 
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c := c{ai,...,ar;bi,...,bs;q) 



Assume 
(14) 
then, 

(15) 

We rewrite (fT5|) as 
(16) 

For fc = 0, 1, the terms 
(17) 

are bounded by 

(18) ^ 



(~|Qi|,...,~|ar|;g)c 
(&i, ...,bs;q)oo 



°° „ki 



k=0 



(g'(fe-i)|z|)* 

{q;q)k 



z\'^q ' exp 



thus, 
(19) 
or 
(20) 



|/(z)|<c;/|z|V' exp 



log' \z\ 
41 log q 

log'i^r 

4noggy' ^ iq;q)k' 



1/(^)1 <—^'/l-|2„-; 



(9';<z)c 



zl-'g ' exp 



log' 
4Z log q 



Theorem 2.1. Assume i/iai i/ie entire function f(z) is defined as in lfTO|) and l|lip . 



(21) \f{z)\ < — 773 <! \/\z\^q ' exp 



log^\ 
Al \ogqJ 



(fei, ...,bs,q';q) 
for any nonzero complex number z. In particular, for 
(22) < < 1, 0<s + l-r, 

we have 

{-\ai\, -\ar\;q) 



(23) 





ai, . 


• ■ , Or 






61,. 




9,2 ^ 



< 



(6i,...,6„g(^+l-'^)/2;q), 



2(r — s — 1) log (7 
/or an?/ nonzero complex number. 

The same proof could be employed to show the following results. 
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Theorem 2.2. Let f{z) he a meromorphic function with the following Laurent 
expansion 

oo 

(24) f{z)^ 

k— — co 

on the whole complex plane except at z = a. If there exist two positive numbers 
a > and < q < 1 such that 



(25) c= J2 



-ifer 



< oo, 

/c— — oo 



then 

(26) |/(z)| <cexp{/3[|log|z~a||]^}^ 

for z ^ a, where 



(27) a " 



(a + l)i+i/«logi/"g-i' 
and 

, , a + 1 
28 7= • 

a. 

In the particular, the theta function Q{z\q) has an upper bound 

,2\ 1/c 

/ I ino" in 

(29) |e(z|g)| < cexp 



|log|z| 



^ logq 1 J 
for any < a < 1, where 

oo 

(30) c= £ qk'-m'^\ 

k—~oc 

Proof. Clearly, we have 

oo 

(31) \f{z)\< E -«!'=)■ 

fc— — oo 

For fc S Z and z ^ a, then, all the terms 

(32) gl'=l°^'|z-a|'= 
are bounded by 

a[|log|2-a||]^+^/" 



(33) exp ■ 



(a + 1)1+1/" iogi/"q-i' 
and the inequality ((26l) follows. □ 
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